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We study the dynamics of a localized spin-1/2 driven by a time-periodic magnetic field that
undergoes a topological transition. Despite the strongly non-adiabatic effects dominating the spin
dynamics, we find that the field’s topology appears clearly imprinted in the Floquet spin states
through an effective Berry phase emerging in the quasienergy. This has remarkable consequences
on the spin resonance condition suggesting a whole new class of experiments to spot topological
transitions in the dynamics of spins and other two-level systems, from nuclear magnetic resonance
to strongly-driven superconducting qubits.
I. INTRODUCTION
The manipulation of spin states by guiding fields in
mesoscopic circuits offers several possibilities, from elec-
tron spin resonance1 to electron spin interferometry,2
among others. This includes the prospects of spin con-
trol by geometric means, i.e., by making use of geomet-
ric phases3 that arise under the action of magnetic tex-
tures with a suitable topology.4 Recently, we have shown
that guiding magnetic textures undergoing a topologi-
cal transition can imprint this property in complex spin
dynamics.5 More concretely, we reported electron trans-
port simulations in spin interferometers subject to hybrid
spin-orbit/magnetic textures showing a phase dislocation
in the conductance as the distinct signature of a topolog-
ical transition. This result is intriguing as the complex-
ity of the spin dynamics near the critical point does not
smooth the way for an intuitive picture of the transition
in terms of geometric spin phases.
Here we address the problem of a localized spin sub-
ject to the action of time-periodic driving fields which
are the time-dependent equivalent of the topological field
textures studied in Ref. 5 for spin carriers.6,7 This leads
us to work within the Floquet framework, an area that
has recently become very active due to the possibility of
generating novel (topological) phases of matter.8–11 We
show that the topological characteristics of the guiding
field have striking consequences on the spin resonance
condition, leading to a definite inflection of the Bloch-
Siegert shift12 at the critical point where the field under-
goes a topological transition. We therefore propose cor-
responding resonance experiments as a proof of concept
for topological transitions in the dynamics of spins-1/2
or any other two-level system as, e.g., strongly-driven su-
perconducting qubits. This approach has the advantage
to overcome the difficulties present in spin-carrier imple-
mentations as those arising from disorder, multichannel
transport and dephasing in hybrid spin-orbit/magnetic
textures. Additionally, we develop a suitable theory that
captures the topological signature left by the guiding field
Bx BxBx
By ByBy
a) b) c)  < 1   = 1   > 1
FIG. 1. Guiding field texture (dashed arrows) undergoing a
topological transition at ∆ = 1, from a rotating field (∆ < 1)
to an oscillating one (∆ > 1). The field consist of a rotating
driving B1(t) plus a constant B2 (solid arrow), with ∆ ≡
B2/B1.
in terms of an emergent, effective Berry phase in the
quasienergy of Floquet spin states.
In Sec. II we introduce the concept of topological driv-
ing fields in Floquet theory. In Sec. III we present our
main results concerning the topological imprints on spin
resonances. In Sec. IV we present a theory revealing
complementary topological features in the Floquet spin
states. Brief concluding remarks appear in Sec. V. Tech-
nical details are discussed in Appendices A, B and C.
II. SPIN DYNAMICS UNDER TOPOLOGICAL
DRIVING FIELDS
Consider a localized spin-1/2 guided by a time-
dependent magnetic field consisting of two coplanar com-
ponents: a rotating driving B1(t) = B1(cosω0t xˆ +
sinω0t yˆ) and a constant B2 = B2 xˆ (see Fig. 1). This
is a Floquet problem described by the time-dependent
Schro¨dinger equation
H(t)|Ψ(t)〉 = 0 (1)
with Floquet operator H(t) ≡ H(t)− i~ ∂/∂t and Hamil-
tonian
H(t) =
~ω1
2
(cosω0t σx + sinω0t σy) +
~ω2
2
σx, (2)
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2where we have introduced the Larmor frequencies ω1,2 =
µB1,2/~, with µ the gyromagnetic ratio. The general
solution of Eq. (1) reads
|Ψ(t)〉 = exp
(
−iεt
~
)
|ψ(t)〉, (3)
with quasienergy ε and periodic Floquet spin state (FSS)
|ψ(t)〉 satisfying the eigenvalue equation
H(t)|ψ(t)〉 = ε|ψ(t)〉. (4)
The FSSs have the form
|ψ+〉 =
(
cos θ2e
−iϕ
sin θ2
)
, |ψ−〉 =
( − sin θ2e−iϕ
cos θ2
)
, (5)
with time-dependent θ(t) and ϕ(t). The spin dynamics
resulting from Eq. (4) can be rather complex depend-
ing on the parameter setting in the Hamiltonian (2). As
a rule, the instantaneous quantization axis of the FSSs
(5) does not point along the direction defined by the in-
stantaneous field B(t) = B1(t)+B2. Instead, it typically
presents a finite projection out of the field’s plane charac-
terized by a θ(t) 6= pi/2 for some t in (5). An exception to
this rule is found in the limit of adiabatic spin dynamics
where the instantaneous Larmor frequency of spin preces-
sion, ω(t) ≡√(ω2 + ω1 cosω0t)2 + (ω1 sinω0t)2, is much
larger than the rotating field’s frequency ω0.
13,14 In this
limit, the FSSs stay (anti)aligned with the instantaneous
guiding field for all t. These adiabatic FSSs reduce to
|ψ↑〉 = 1√
2
(
e−iη
1
)
, |ψ↓〉 = 1√
2
( −e−iη
1
)
, (6)
with η(t) = arctan [sinω0t/(cosω0t+ ∆)] and ∆ =
ω2/ω1.
The quasienergy of a FSS naturally splits into a dy-
namical and a geometrical contribution as
εs =
1
T
∫ T
0
〈ψs|H(t)|ψs〉 dt = E¯s − ~
T
φsg, (7)
where
E¯s =
1
T
∫ T
0
〈ψs|H(t)|ψs〉 dt
=
s
T
∫ T
0
~ω(t)
2
sin θ cos(ϕ− η) dt (8)
is the mean energy and
φsg = i
∫ T
0
〈ψs| ∂
∂t
|ψs〉 dt
=
1
2
∫ T
0
(1 + s cos θ)
∂ϕ
∂t
dt = −1
2
Ωs (9)
is the geometric phase of the FSS with s = ±, with Ωs
the corresponding solid angle (mod[4pi]) subtended over
the Bloch sphere during the spin evolution in one time
period T = 2pi/ω0. For the adiabatic FSSs (6), this ge-
ometric phase reduces to a Berry phase.13 Otherwise, it
adopts the name of (non-adiabatic) Aharonov-Anandan
(AA) phase.15
We notice in (2) that the magnetic field undergoes a
topological transition at ∆ = 1: a rotating field for ∆ < 1
(dominated by B1(t) and enclosing the point of vanishing
field in its round trip, Fig. 1a) turns into an oscillating
field for ∆ > 1 (dominated by B2 and leaving the point
of vanishing field out of the loop, Fig. 1c). At ∆ =
1, the total field B(t) vanishes whenever cosω0t = −1,
see Fig. 1b. Such topological characteristics leave an
imprint in the adiabatic FSSs (6): in a time period T
they acquire a geometric (Berry) phase φB = pi for ∆ < 1
while φB = 0 for ∆ > 1 [obtained after setting cos θ = 0
in Eq. (9)]. Topological transitions of this kind have
been expected to show up in transport experiments with
spin carriers relying on Berry-phase interference effects.4
However, this reasoning turns out to be oversimplified:
in the vicinity of the transition point ∆ = 1, Fig. 1b, the
adiabatic condition can not be satisfied since the guiding
field vanishes to reverse its direction and the spins are
unable to follow it. Still, a more general approach has
shown that field textures can leave a topological signature
in electron spin transport simulations even far from the
adiabatic regime.5 A numerical exploration of the time-
dependent system modelled by Eq. (1) reveals several
topological imprints left by the guiding fields away from
the adiabatic regime, as we discuss in Secs. III and IV.
III. TOPOLOGICAL IMPRINTS ON SPIN
RESONANCE
A resonant transfer of energy between the driving field
B1(t) and the spins occurs whenever their expectation
value along the uniform field B2 vanishes in a time-period
average, i.e., whenever 〈〈σx〉〉T = 0. Within the Floquet
formalism, this resonant condition reads16
∂ε
∂ω2
= 0, (10)
which can be obtained by applying the Hellmann-
Feynman theorem17 to Eq. (4) and gives the position
of single- and multiple-photon processes. The solid lines
in Fig. 2 show the position of the resonances according
to Eq. (10) [see Appendix A for details on the numeri-
cal method]. For a weak driving ω1/ω0  1, resonances
appear at integer values of ω2/ω0 due to the combined
action of the oscillating components parallel and normal
to the uniform field B2.
16 For larger driving amplitudes,
the resonances shift their position to smaller (non in-
teger) values of ω2/ω0 due to the Bloch-Siegert effect.
12
Eventually, the resonance curves develop inflection points
organized along the critical line ∆ = 1. These inflections
in the resonance profile are an actual signature of the
topological transition undergone by the guiding field’s
texture at ∆ = 1, imprinted in the resonant FSSs. The
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FIG. 2. Solid lines: position of the resonances as a function
of the guiding field’s setting developing a Bloch-Siegert shift
as the driving strength ω1/ω0 increases. The inflections along
the diagonal ω1 = ω2 (critical line ∆ = 1) indicates a change
in the guiding field’s topology. Dashed lines: points of van-
ishing mean energy. Dotted lines: position of the resonances
for a standard linear driving with trivial topology. The circles
indicate the Stenholm’s points.18
identification of such topological features in the Bloch-
Siegert shift is the main result of this paper.
For a comparison, the dotted lines in Fig. 2 show the
position of the resonances in the case of a standard linear
driving owning a trivial topology (~ω1/2) sinω0t yˆ [to be
compared with the topological driving of Eq. (2)]. These
resonances present a usual Bloch-Siegert shift meeting
the horizontal axis at the Stenholm’s points (circles).18
Moreover, the dashed lines in Fig. 2 show the points
where the mean energy vanishes, running tight along the
resonances (solid lines). This suggests that the condition
of vanishing mean energy is a good approximation to
the resonance condition (10) for our topological driving.
Consequently, in Sec. IV we focus on the related topo-
logical features underlying at the level of the quasienergy,
the mean energy and the geometric phase introduced in
Eqs. (7)-(9). We notice that this approximation is not
valid in general cases: it applies to our topological driving
but not to linear drivings. In the latter case, the resonant
condition (10) coincides with the vanishing-mean-energy
one only for weak drivings (ω1/ω0 << 1).
IV. UNDERLYING TOPOLOGICAL FEATURES
In Fig. 3a we depict the quasienergy (7) as a function
of the guiding field’s setting in Eq. (2) [see Appendix
A for details on the numerical method]. More specifi-
cally, and without loss of generality, we plot cos(ε+T/~)
as a function of ω1/ω0 and ω2/ω0.
19 There we observe a
phase dislocation along the ∆ = 1 diagonal as a sign of
the quasienergy’s response to the topology of the guid-
ing field. This behaviour resembles the predictions for
the conductance of semiconducting Rashba loops subject
to similar field configurations (determined by the total
phase acquired by spin carriers).5 It also recalls what ex-
pected for adiabatic spin dynamics according to Ref. 4.
However, as we show in the following, the spin dynamics
is actually dominated by non-adiabatic effects.
In Figs. 3b and 3c we depict, respectively, the mean
energy (in terms of the dynamical phase E¯+T/~) and the
AA geometric phase by plotting cos(E¯+T/~) and cosφ+g
as a function of the field’s parameters [see Eqs. (7)-(9),
and further details on numerics in Appendix A]. There
we notice the complex patterns displayed near the crit-
ical line ∆ = 1, indicative of a strongly non-adiabatic
spin dynamics. This is clearly illustrated by the FSS spin
textures, Fig. 4, adopting intricate shapes with rapidly
changing solid angle in the critical region. That demon-
strates the unsuitability of an adiabatic treatment for
understanding the phase dislocation in the quasienergy
(Fig. 3a) as a response to the change in the guiding field’s
topology.
To gain insight into the topological characteristics
stamped on the spin dynamics, we introduce a modi-
fied version of a treatment first proposed in Ref. 20 for
the study of (Berry) adiabatic phases in spin carriers,
here adapted to the case of non-adiabatic spin dynamics
(see Appendix B). As a starting point, let us rewrite the
Floquet operator as the sum of diagonal (d) and nondi-
agonal (nd) projections onto the non-adiabatic FSS basis
(5), i.e., H(t) = Hd(t) + Hnd(t). By the sole definition
of Floquet state, it must hold Hnd(t) ≡ 0 [and, there-
fore, H(t) ≡ Hd(t)]. As a consequence, the FSSs are
constrained to satisfy
ω(t) cos θ cos(ϕ− η) + sin θ∂ϕ
∂t
= 0, (11)
as shown in the Appendix B. From Eqs. (8)-(11) we can
rewrite the quasienergy (7) as (see Appendix C)
εs = − s~
2T
∫ T
0
1
cos θ
∂ϕ
∂t
dt− ~
T
`pi (12)
thanks to the cancelation of the term proportional to
cos θ in Eq. (9). We recognize two contributions to the
quasienergy in Eq. (12): a smooth dynamical term pro-
portional to 1/ cos θ [from Eq. (11) we see that this term
does not diverge for vanishing cos θ] plus a topological
one determined by the integer number
` =
1
2pi
∫ T
0
∂ϕ
∂t
dt, (13)
accounting for the windings gathered by the FSSs around
the north pole of the Bloch sphere. This is illustrated by
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FIG. 3. a) Response of the quasienergy ε+ to the guiding field’s setting in terms of cos(ε+T/~). The dislocation along the
diagonal ω1 = ω2 (critical line ∆ = 1) indicates a change in the guiding field’s topology. b) Mean energy E¯
+ in terms of
cos(E¯+T/~). The complex pattern displayed near the diagonal is indicative of a non-adiabatic spin dynamics. c) Cosine of
the AA geometric phase φ+g displaying a complex pattern complementary to that one shown by the mean energy in panel b).
In all panels, the dashed lines indicate the points of vanishing mean energy E¯+ = 0. Spin textures of the Floquet state |ψ+〉
corresponding to field settings A, B and C are shown in Fig. 4. A study of the Floquet state |ψ−〉 produces equivalent results.
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FIG. 4. Spin texture of the Floquet state |ψ+〉 represented
as a path over the surface of the Bloch sphere for different
guiding field’s settings (see points A, B and C in Figs. 3 and
5).
the spin textures of Fig. 4A with ` = 1 (∆ < 1) and Fig.
4C with ` = 0 (∆ > 1). We further notice from Eq. (12)
that
cos(εsT/~) = (−1)` cos(φ0d), (14)
with φ0d =
∫ T
0
1
2 cos θ
∂ϕ
∂t dt the smooth contribution to
the dynamical phase. Thus, a parity transition in the
winding number ` at ∆ = 1 would explain the phase dis-
location shown by the quasienergy in Fig. 3a (together
with the results reported in Ref. 5) in terms of an effec-
tive Berry phase φeffB ≡ `pi recalling the geometric phase
acquired by the adiabatic FSSs (6). Still, the actual ex-
istence of complex spin textures with singular derivative
∂ϕ/∂t (corresponding to a spin passing over the poles of
the Bloch sphere as in Fig. 4B) complicates the anal-
ysis. In Fig. 5 we represent the winding parity (i.e.,
the parity of the winding number `) as a function of the
guiding field’s configuration. As expected, we find oppo-
site dominating parities on different sides of the critical
line: even (dark) for ∆ > 1 and odd (white) for ∆ < 1.
Interestingly, anomalous regions of fluctuating parity ap-
pear along the lines corresponding to a vanishing mean
energy (dashed lines in Fig. 5). Similar winding-number
characteristics have been identified recently in spin carri-
ers subject to magnetic textures.5,21 The ultimate reason
for that is the proximity of spin resonances (as shown in
Fig. 2) developing complex spin textures. Such anoma-
lies should not be necessarily understood as noisy phases
in the parameter space since they actually show a def-
inite mosaic structure in finer scales (inset in Fig. 5).
The presence of anomalies ultimately indicates that the
winding number `, while otherwise useful, is not an opti-
mal indicator of the topological transition. The quest for
an indicator that fully captures the topological origin of
the phase dislocation in the quasienergy at ∆ = 1, Fig.
3a, remains open.
V. CONCLUDING REMARKS
We have studied the topological imprints left by an
external driving in the dynamics of a localized spin-1/2.
We find that the topological transition undergone by a
guiding magnetic field emerges in the resonance spectrum
of the spin system as a distinct inflection in the Bloch-
Siegert shift. This remarkable feature opens a door to a
new family of resonance experiments in two-level systems
as an alternative to previous attempts to observe real-
space topological transitions based on spin-carrier inter-
ferometry in mesoscopic loops,5 the realization of which
presents technical difficulties up to date. The possibilities
run from nuclear magnetic resonance (NMR) to strongly-
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FIG. 5. Winding parity, showing a transition along the di-
agonal ω1 = ω2 (critical line ∆ = 1). Anomalous regions of
fluctuating parity (inset) appear along the curves of vanish-
ing mean energy (dashed), closely related to resonances. Spin
textures of the Floquet states corresponding to points A, B
and C are shown in Fig. 4.
driven superconducting qubits (SCQs). In NMR, these
effects can be demonstrated experimentally by shaping
radio frequency pulses for generating the suitable driving
Hamiltonian in the rotating frame of the nuclear spins.22
The predicted effects might be significant for the design of
shaped pulses for robust control of quantum systems.23
As for SCQs,24 we notice that high-order multiphoton
interferometry has been demonstrated successfully and
the systems can readily be adapted to the topological
driving fields proposed here.25 All results extend to any
other two-level system liable to equivalent drivings (as,
e.g. adapted versions of Landau-Zener-Stu¨ckelberg inter-
ferometric setups26).
For the topological driving considered here, we found
that the resonance condition can be approximated by the
condition of vanishing mean energy. This has permitted
us to shift our analysis towards the dynamical and ge-
ometrical contributions to the quasienergy. As a conse-
quence, we ended up with a description of the topological
transition imprinted in the spin dynamics in terms of an
effective Berry phase. This description, even when inex-
act, captures the essential features of the problem.
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Appendix A: Numerical method.
We solve Eq. (4) by the customary procedure
of expanding in Fourier series the Hamiltonian (2),
H(t) =
∑
nH
(n)einω0t, and the FSS, |ψ(t)〉 =∑
n |ψ(n)〉einω0t. This leads to the infinite set of equa-
tions:
∑
mH
(n−m)|ψ(m)〉 = (ε − n~ω0)|ψ(n)〉 with n in-
teger. We solve the eigenvalue problem for ε and {|ψ(n)〉}
by restricting to a finite set of equations with |n| ≤ nmax.
We chose nmax = 120 and checked that for the strongest
simulated driving amplitudes the results are unaffected
by the truncation.
The mean energies are obtained from the
Fourier decomposition of the Floquet states
as E¯ = ε − ~ω0
∑
n n|〈ψ(n)|ψ(n)〉|2, where
φg = 2pi
∑
n n|〈ψ(n)|ψ(n)〉|2 are the corresponding
AA geometric phases.
Appendix B: Non-adiabatic spin dynamics under
periodic driving.
We introduce a modified version of a treatment first
proposed in Ref. 20 for the study of adiabatic (Berry)
phases in spin carriers, here adapted to the case of
non-adiabatic spin dynamics in periodic, time-dependent
fields.27 Let us rewrite the Floquet operator of Eq. (1)
as the sum of diagonal (d) and nondiagonal (nd) projec-
tions onto the non-adiabatic FSS basis (5), i.e., H(t) =
Hd(t) + Hnd(t). To this aim, we define instantaneous
projectors on the corresponding subspaces given by
P±(t) = 1± lˆ(t) · σ
2
, (B1)
with lˆ(t) = sin θ(t) cosϕ(t)xˆ+sin θ(t) sinϕ(t)yˆ+cos θ(t)zˆ
the unit vector defining the instantaneous quantization
axis of the FSSs at time t. We stress that lˆ(t) generally
differs from the guiding field’s axis nˆ(t) = cos η(t)xˆ +
sin η(t)yˆ in the non-adiabatic regime. We further notice
that, by definition of Floquet states, it holds
Hd(t) = P+HP+ + P−HP− ≡ H(t), (B2)
Hnd(t) = H−Hd = P+HP− + P−HP+ ≡ 0. (B3)
The constraint imposed by Eq. (B3) establishes a def-
inite link between the magnetic texture and the non-
adiabatic FSS texture that eventually leads to the iden-
tification of an effective Berry phase imprinted by the
6guiding field. We can make the most of the formal iden-
tities (B2) and (B3) by noticing that the projectors P±
do not commute with i~∂/∂t (which therefore mixes the
FSS subspaces). By following Refs. 20 and 28, we in-
troduce an operator A(t) responsible for the transitions
between the subspaces associated with P+ and P− while
i~∂/∂t − A acts only within each subspace. This is ac-
complished without ambiguity by defining
A = i~ ∂
∂t
− P+
(
i~
∂
∂t
)
P+ − P−
(
i~
∂
∂t
)
P−, (B4)
which verifies [i~∂/∂t−A,P±] = 0 and P±AP± = 0. By
taking into account the projectors’ properties (P2± = P±
and P+ + P− = 1), one obtains
Hd(t) = µ(B · lˆ)(ˆl · σ)−
(
i~
∂
∂t
−A
)
, (B5)
Hnd(t) = µ
[
B · σ − (B · lˆ)(ˆl · σ)
]
−A ≡ 0, (B6)
where we have dropped the dependence on t when con-
venient for ease in notation. Moreover, the explicit eval-
uation of A produces
A = − i~
2
(ˆl · σ) ∂
∂t
(ˆl · σ). (B7)
We now rewrite Hd and Hnd in the FSS basis by intro-
ducing the instantaneous unitary operator
U(t) =
(
cos θ2e
iϕ sin θ2
− sin θ2eiϕ cos θ2
)
(B8)
such that
U(t)|ψ+〉 =
(
1
0
)
, U(t)|ψ−〉 =
(
0
1
)
. (B9)
We first notice that
UAU† =
(
0 a+−g
a−+g 0
)
, (B10)
where ass¯g (t) = −~(sin θ ∂ϕ/∂t + i s ∂θ/∂t)/2 plays the
role of a geometric mixing. Moreover,
U
(
i~
∂
∂t
−A
)
U† =
(
i~ ∂∂t +A
+
g 0
0 i~ ∂∂t +A
−
g
)
,
(B11)
where
Asg(t) =
~
2
(1 + s cos θ)
∂ϕ
∂t
(B12)
is responsible for the emergence of non-adiabatic geo-
metric phases (see Appendix C). Back to the Floquet
operator, we find
UHdU† =
( H+ 0
0 H−
)
, (B13)
with
Hs(t) = s µB(t) · lˆ(t)−
(
i~
∂
∂t
+Asg(t)
)
. (B14)
The first term in Eq. (B14) is the effective Zeeman split-
ting resulting from the instantaneous projection of the
non-adiabatic FSSs along the guiding field, which can be
also expanded as ~ω(t)
(|〈ψs|ψ↑〉|2 − |〈ψs|ψ↓〉|2) /2 with
s = ±. Similarly, we find
UHndU† =
(
0 H±
H∓ 0
)
, (B15)
with
Hss¯ = ~ω(t)
2
(〈ψs|ψ↑〉〈ψ↑|ψs¯〉 − 〈ψs|ψ↓〉〈ψ↓|ψs¯〉)
− ass¯g (t) ≡ 0. (B16)
The evaluation of the real and the imaginary parts of Eq.
(B16) leads to the following identities, respectively:
ω(t) cos θ cos(ϕ− η) + sin θ∂ϕ
∂t
= 0, (B17)
ω(t) sin(ϕ− η) + ∂θ
∂t
= 0. (B18)
These equations reveal the geometric constraints satisfied
by the FSSs under the action of a driving represented by
ω(t) and η(t).
Appendix C: Topological phases and quasienergy.
From Eq. (B14), we can now rewrite Eqs. (7)-(9) as
εs = 〈Hs(t)〉 = E¯s − ~φsg/T with
E¯s =
s
T
∫ T
0
µB(t) · lˆ(t) dt
=
s
T
∫ T
0
~ω(t)
2
sin θ cos(ϕ− η) dt, (C1)
φsg =
1
~
∫ T
0
Asg(t) dt
=
1
2
∫ T
0
(1 + s cos θ)
∂ϕ
∂t
dt. (C2)
From Eq. (B17), we notice that the mean energy (C1)
takes the form
E¯s =
s~
2T
∫ T
0
(
cos θ − 1
cos θ
)
∂ϕ
∂t
dt. (C3)
The quasienergy reduces then to
εs = − s~
2T
∫ T
0
1
cos θ
∂ϕ
∂t
dt− ~
T
`pi, (C4)
thanks to the cancellation of the terms proportional to
cos θ in Eqs. (C2) and (C3). We observe that the
7quasienergy (C4) consists of a dynamical contribution
plus a topological one determined by the parity of the
integer number ` = (1/2pi)
∫ T
0
∂ϕ/∂t dt, which accounts
for the windings gathered by the FSSs around the north
pole of the Bloch sphere. This motivates the introduc-
tion of an effective Berry phase φeffB ≡ `pi capturing the
topological features of the FSSs.
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